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Abstract
This paper proves that the Borel directed graphs whose vertex set admits a partition
into two Borel acyclic sets form a Z-complete set; equivalently, that deciding whether a
Borel directed graph has Borel dichromatic number at least 3 is a IT}-complete problem.
It follows that no countable family of Borel directed graphs can serve as a basis for this
class under Borel homomorphism and, more generally, that any basis must be at least
as complex as IT..

The proof lifts the classical NP-completeness reduction of Bokal, Fijavz, Juvan,
Kayll, and Mohar to the Borel setting, using the coding framework of Thornton. Com-
bined with a straightforward reduction from undirected to directed coloring problems,
this completes the picture for finite Borel chromatic and dichromatic thresholds: for
every finite k, the set of Borel (directed) graphs admitting a Borel k-(di)coloring is
~l-complete, and in particular admits no countable basis. This contrasts with the
uncountable threshold, where a single-element basis exists for Borel chromatic number
(Kechris—Solecki-Todorc¢evi¢) and a continuum-size basis exists for Borel dichromatic
number (Raghavan-Xiao).

1 Introduction

The dichromatic number of a directed graph was introduced by Neumann-Lara [NL82] as a
natural directed analogue of the chromatic number. A dicoloring of a directed graph D is a
map c: V(D) — k such that every color class induces a subgraph without any directed
cycles; the dichromatic number }(D) is the least such k. Equivalently, ¥(D) is the minimum
number of acyclic sets into which the vertex set can be partitioned.

This notion has attracted considerable attention in finite combinatorics. Neumann-
Lara [NL82] established several foundational results, including analogues of classical
lower bounds for the chromatic number. Bokal, FijavZ, Juvan, Kayll, and Mohar [BFJ"04]
later introduced the circular dichromatic number of a directed graph and proved that the
decision problem of whether a directed graph D satisfies ¥ (D) <2ornotis NP-complete;
this is in contrast with the usual chromatic number for (undirected) graphs, where one
gets NP-completeness only after posing the question for three colors or more.
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1.1 Borel chromatic and dichromatic numbers

In the Borel setting, we consider graphs and directed graphs whose vertex sets are standard
Borel spaces and whose edge (or arc) relations are Borel, and we require the colorings to be
Borel measurable. The Borel chromatic number xg(G) of a Borel graph G was introduced by
Kechris, Solecki, and Todor¢evi¢ [KST99], who proved the celebrated Go-dichotomy: there
exists a single Borel graph Gg such that

)(B(G) > No <~ Go <p G, (1)

where <p denotes the existence of a Borel homomorphism Gy — G. In other words, the
graph G( forms a one-element basis for the class of Borel graphs with uncountable Borel
chromatic number.

This dichotomy breaks down when one moves from uncountable to merely infinite
Borel chromatic number. In [TV21], Todoréevi¢ and Vidnyadnszky recently proved that the
set of Borel graphs with infinite Borel chromatic number (equivalently, Borel chromatic
number > 4 for closed subgraphs of the shift graph) is Zi-complete. In particular, no
countable family of Borel graphs can serve as a basis for this class. Moreover, their
argument rules out the existence of a simple Go-type dichotomy substituting Ny in (1) for
any valuein 3,4,5. ... Interestingly, when substituting the value 2, there again is a single
Borel graph that makes a dichotomy like (1) hold. This is known as the Ly dichotomy and
is the main result of [CMSV21].

Very recently, Raghavan and Xiao [RX24] established a dichotomy for the Borel dichro-
matic number that generalizes the Go-dichotomy to directed graphs: they showed that a
continuum-size family of directed graphs characterizes when a Borel directed graph has
uncountable Borel dichromatic number. This continuum-size basis consists of pairwise
Borel-incomparable directed graphs, but it is unknown whether any smaller basis exists;
in particular, the question of whether a countable basis suffices is open.

One can interpret the existence of a small (i.e. singleton, or finite, or countable) basis
as a sort of measure of complexity of the associated decision problem. For instance, the
existence of Gy says that deciding whether a Borel graph has uncountable Borel chromatic
number is “straightforward:” one only has to verify one possible ill-behaved property,
namely containing a homomorphic copy of Gy, to give a positive answer; and in some
sense, finding this homomorphic copy is the only way of proving that a Borel graph has
uncountable Borel chromatic number. In contrast, deciding whether a Borel graph has
infinite Borel chromatic number is a much more complex task, as no easily describable
method exists for deciding this in terms of graph homomorphisms, and so different graphs
probably require wildly different proving methods, if any.

The Borel dichromatic number can recover the Borel chromatic number in the following
sense.

Remark 1.1. Given an undirected graph G, let G denote the directed graph obtained by
replacing each edge {u, v} with two opposing arcs (1, v) and (v, u). Then ¥5(G) = x5(G).
Indeed, a subset of vertices is acyclic in G if and only if it is independent in G: any directed
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cycle in G would in particular contain an arc (1, v) with {1,v} € E(G), so a set containing
both 1 and v is neither acyclic in G nor independent in G; conversely, an independent set
in G induces a directed graph in G with no arcs at all, hence trivially acyclic. Moreover,
the map code(G) + code(G) is Al, since it is built from the edge set using products
and unions (Lemma 2.2(1),(3)). It follows that the Z%-completeness of Borel k-coloring of
undirected graphs [TV21] implies the £1-completeness of Borel k-dicoloring of directed
graphs, for every k > 4. The case k = 2 is not covered by this reduction (since deciding
2-colorability of undirected graphs is trivial), and is precisely the content of Proposition 1.2.

It is natural to ask whether the Todorc¢evi¢-Vidnydnszky phenomenon also occurs in
the directed setting at the remaining finite threshold, or if there is a directed analog for the
Ly dichotomy:

Is there a countable basis for the class of Borel directed graphs with Borel dichromatic
number at least 37

This paper gives a negative answer, thereby completing the picture for all finite thresh-
olds of both the Borel chromatic and dichromatic numbers.

1.2 Main results

We work throughout with nice codes in the sense of Thornton [Tho22a, Tho22b]; see Sec-
tion 2 for a brief review.

Proposition 1.2. The set of nice codes for Borel directed graphs admitting a Borel 2-dicoloring is
X1-complete. Equivalently, the set of nice codes for Borel directed graphs with Borel dichromatic
number at least 3 is T1}-complete.

Corollary 1.3. There is no countable family B of Borel directed graphs that forms a basis for Borel
directed graphs of Borel dichromatic number at least 3 under Borel homomorphism.

The proof of Proposition 1.2 proceeds by adapting the classical NP-completeness reduc-
tion from 2-coloring of 3-uniform hypergraphs to 2-dicoloring of directed graphs [BFJ*04]
to the Borel setting. The key step is verifying that this reduction is Al in the codes, fol-
lowing the template established by Thornton in [Tho22b, Appendix A] for a similar result
about edge 3-coloring. We remark that 2-dicoloring of directed graphs is not a CSP in
the sense of Thornton’s algebraic framework [Tho22a], since acyclicity is not a constraint
expressible as a homomorphism to a fixed finite template; thus Proposition 1.2 does not
follow directly from Thornton’s general results.

1.3 Context and discussion

The following table summarizes the basis landscape, contrasting the undirected and
directed cases at different thresholds.
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Class Existence of small basis Reference

xs(G) >Ny Yes (size 1: Gy) [KST99]

xs(G) >2 Yes (size 1: L) [CMSV21]

x5(G) >k, k >3 No (II}-complete) [TV21]

Xs(D) > Ng Yes (size c) [RX24]

Xs(D) >k, k >2 No (II}-complete) Prop. 1.2, Rmk. 1.1

The picture reveals a notable difference between the undirected and directed settings at
the uncountable threshold: a single graph suffices as a basis in the undirected case, while
a continuums-size family is needed for directed graphs. With finitely many colors, both
settings exhibit the same completeness obstruction to a countable basis, though at different
thresholds: the phenomenon begins at k = 3 for undirected graphs and already at k = 2
for directed graphs, mirroring the classical NP-completeness landscape. The case k = 2 for
directed graphs, established in this paper, is the last remaining piece of this picture (see
Remark 1.1).
Several questions are posed in Section 5.

1.4 Organization

Section 2 reviews Thornton’s coding framework. Section 3 recalls the classical reduction
from 3-uniform hypergraph 2-coloring to directed graph 2-dicoloring. Section 4 carries out
the Borel lifting. Section 5 collects open questions.

2 Coding framework

Briefly recall the coding apparatus from [Tho22b, Appendix AJ; see also [Tho22a, Section 4].
The reader already familiar with this framework may skip to Section 3.
Fix a good w-parametrization U C w x N of I1} [Tho22a, Theorem A.5].

Definition 2.1 ([Tho22a, Definition A.6]). A simple code for a A} set B C N is a pair
(e,i) € w? with U, = N\ U; = B.
A nice coding is a triple (C, D', D*) where:

(i) C C wisII} (the set of codes);
(i) D" C w x NisIlj and D* C w x N is £};
(iii) for everye € C, DIl = DE;
(iv) every Al set BC N hasacodee € C with B= D!}

(v) there are recursive functions translating between simple and nice codes in both
directions.
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Fix nice codings for Al(N*) for all k, writing D, for D!L.

Lemma 2.2 ([Tho22a, Lemma A.7]). Fix a Al linear order < on N. The following operations
are Al in the codes:

(1) (A,B) — AUB;

(2) (A,B) — ANB;

(3) (A,B) — A X B;

(4) A — dom(A), for relations with countable sections;

(5) (A, f)— f(A), for countable-to-one f;

(6) A — the enumeration function of the finite sections of A along <.

This lemma can typically be used as a black box: to verify that a construction is Al in
the codes, it suffices to express it as a composition of the preceding operations.

3 The classical reduction

Now we recall the reduction from 2-coloring of 3-uniform hypergraphs to 2-dicoloring
of directed graphs. The NP-completeness of 2-dicoloring follows by combining this
reduction with the well-known NP-completeness of 2-coloring 3-uniform hypergraphs.
The reduction is due to Bokal et al. [BFJT04]; we present it in a form convenient for the
Borel lifting.

Fact 3.1. The problem of deciding whether a 3-uniform hypergraph admits a 2-coloring is NP-
complete.

Definition 3.2 (Template gadget). Let

Tshared = {ll, b,C} Taux := {[Z/, b/, Cl} T := Tshared U Taux-
The template gadget F is the directed graph on vertex set T with arc set Et as depicted in
Figure 1.
Lemma 3.3 (Gadget property). A map o: {a,b,c} — 2 extends to a 2-dicoloring of F if and
only if o is not constant (i.e., not all three shared vertices receive the same color).
Proof. This is a finite verification; see [BFJ ™04, Theorem 3.1]. ]

Lemma 3.4 (Classical reduction). For every 3-uniform hypergraph H, there is a directed
graph D(H) such that H is 2-colorable if and only if D(H) is 2-dicolorable.
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Figure 1: The template gadget F. Shared vertices {a,b,c} correspond to hypergraph
vertices; auxiliary vertices {a’, ', ¢’} are local to each gadget copy.

Proof. Let V = V(H) and fix a linear order on V. Define
Esort = {(v1,v2,03) € E(H) : v1 < v < v3},
a canonical listing of hyperedges as ordered triples. For each
e = (v1,v2,73) € Esort,

place a copy F. of the template gadget, identifying the shared labels a, b, c with the hyper-
graph vertices v1, v, v3 and introducing fresh auxiliary vertices (e,a’), (e, V'), (e,c’). The
directed graph D(H) has vertex set

Vb=V U{(et):e€ Esort, t € Taux}

and arcs given by the union of the arcs of all copies F., with each shared label mapped to
the corresponding vertex of V.

First, suppose that c: V' — 2 is a proper 2-coloring of the hypergraph H. For each e, the
induced coloring on the shared vertices of F, is non-constant, so by Lemma 3.3 it extends
to a 2-dicoloring of F,. Since auxiliary vertices of distinct gadgets are disjoint, combining
any choice of extensions with ¢ on shared vertices gives a global 2-dicoloring of D(H).

Conversely, suppose that : Vp — 2 be a 2-dicoloring of D(H) and set ¢ = 9]y
For any e = (v1,0,03) € Esort, the restriction ¢ 'v(r,) is a 2-dicoloring of F,, so by the
contrapositive of Lemma 3.3, ¢(v1), ¢(v2), ¢(v3) are not all equal. Hence ¢ is a 2-coloring
of H. [

Remark 3.5. The converse direction requires no selection or choice: ¢ is simply the restriction
of 1 to the original vertex set V, which is a subset of Vp by construction. This is be
important in Section 4, where it means that no uniformization argument is needed for the
reverse direction of the Borel reduction.
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4 The Borel reduction

We now verify that the construction of Section 3 lifts to the Borel setting. The argument
follows the template of [Tho22a, Theorem A.9], where a similar verification for edge
3-coloring is carried out.

Fact 4.1 ([Tho22a, Corollary 4.6]). The set of nice codes for locally finite Borel 3-uniform hyper-
graphs admitting a Borel 2-coloring is L3-complete.

It therefore suffices to produce a Al reduction from the set of codes for Borel 2-colorable
3-uniform hypergraphs to the set of codes for Borel 2-dicolorable directed graphs.

4.1 The construction is A} in the codes

Let H be a locally finite Borel 3-uniform hypergraph with vertex set V. C N and hyperedge
set E C V3. We fix a A{ linear order < on N and encode the template gadget F, its label
set T, and its arc set ET by canonical finite sequences in .

Begin by sorting the hyperedges.

Esort — {(a,b,C) G E o a j b j C}.

This is obtained from E by intersection with the graph of <, hence is A] on codes by
Lemma 2.2(2).

Then, build the vertex set. Define Vp = V U (Esort X Taux), which is a union of V with
a product, hence A% on codes by Lemma 2.2(1),(3).

Finally, build the arc set. For each e = (v1,v3,v3) € Esort and each template arc
(u,v) € Er, define the substitution map ¢p: Esort X ET — Vl% that sends a pair (e, (1,v)) to
the corresponding arc of D(H), by replacing each label ¢ € T with its realization in D(H):

¢ if { € Tshareq is the shared label in position i (i.e., £ = a,b,c fori = 1,2, 3 respectively),

it maps to the vertex v; € V occurring in e = (v1, v, v3);

e if { € Taux, itmapsto (e,¢) € Esort X Taux-

This substitution is a recursive operation on the components of the tuple (e, (u,v)): it
extracts coordinates of e (a projection) or forms pairs with e (a product), both of which are
Al operations. Hence ¢ is A in the code of H and in the (fixed, computable) code of Er.

The arcsetis Ap = ¢y (Esort X ET). To apply Lemma 2.2(5), we need ¢ to be countable-
to-one. This holds: for any arc « € Ap, the preimage (/)I:,1 () is finite, since E7 is finite and,
by local finiteness of H, each vertex of V appears in only finitely many hyperedges in Egort.
By Lemma 2.2(1),(3),(5), the arc set Ap is A] on codes.

Applying the simple-to-nice code translation from the coding framework (Defini-
tion 2.1(v)), we obtain:

Lemma 4.2. The function that maps the code of H to the code of D(H) is Al.
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4.2 Borel colorability is preserved

Claim 4.2.1. If H is Borel 2-colorable, then D(H) is Borel 2-dicolorable.

Proof. Letc: V — 2 be a Borel 2-coloring of H. For each e € Esqrt, the restriction of c to the
shared vertices of F, is non-constant, so by the gadget property (Lemma 3.3) there exists
at least one extension to a 2-dicoloring of F.. Denote by Cr the finite set of maps T — 2
and define S as the set of all (e,0) € Esort X Cr such that ¢ is a 2-dicoloring of F, extending
the shared-vertex colors. The set S is Borel since the defining condition involves only
finitely many acyclicity checks and color-matching conditions, all determined by the Borel
coloring c and the fixed finite template. Furthermore, S has finite nonempty sections S,.
By the Luzin-Novikov uniformization theorem, there is a Borel selector e — o (¢) € S,.
Since auxiliary vertices of distinct gadgets are disjoint, the map ¢: Vp — 2 defined by

(o) = {c(v), veV;

o(e)(t), (et) € Esort X Taux
is a well-defined Borel 2-dicoloring of D(H). O
Claim 4.2.2. If D(H) is Borel 2-dicolorable, then H is Borel 2-colorable.

Proof. Let ¢: Vp — 2 be a Borel 2-dicoloring of D(H) and define ¢ = ¢[,. Since V C Vp
is Borel, ¢ is Borel. For any hyperedge e = (v1,v2,v3) € Esort, the gadget F, is a directed
subgraph of D(H), so ¢ [ (g, is a 2-dicoloring of F., and the gadget property implies that
¢(v1), p(v2), (v3) are not all equal. Hence ¢ is a Borel 2-coloring of H. O

Remark 4.3. Note that the reverse direction (Claim 4.2.2) uses neither the local finiteness
of H nor any uniformization. Local finiteness is needed only for two purposes: it is a
hypothesis of Fact 4.1, and it guarantees that the sections S, in the forward direction are
finite (enabling the application of Luzin—Novikov).

4.3 Proof of the main results

Proof of Proposition 1.2. By Fact 4.1, the set of nice codes for locally finite Borel 3-uniform
hypergraphs with Borel 2-colorings is Z}-complete. By Lemma 4.2, the map code(H) +
code(D(H)) is A]. By Claims 4.2.1 and 4.2.2, H is Borel 2-colorable if and only if D(H) is
Borel 2-dicolorable. Thus the set of nice codes for Borel 2-dicolorable directed graphs is
zl-hard.

For the upper bound, note that a directed graph D (given by a nice code) admits a
Borel 2-dicoloring if and only if there exists a nice code e, such that D, defines a valid
2-dicoloring of D. The condition “D,, is a 2-dicoloring” is I} in the codes e. and ep, as
it requires totality and that each color class induces no directed cycle, both of which are
universal conditions. The existential quantification over e, gives a X3 condition. Hence the
set of codes for Borel 2-dicolorable directed graphs is £}-complete, and its complement,
which are codes for directed graphs with ¥5(D) > 3, is IT}-complete. O
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Remark 4.4. The convention used in [TV21] and [Tho22a] is to state the Z%-completeness of
the class of graphs admitting a coloring. We follow this convention.

Proof of Corollary 1.3. Suppose a countable basis B = {Hy, Hy, ... } exists, so that
Xs(D) >3 <= 3H, € B, 3Borel homomorphism H, — D.

For each fixed H;, the condition “there exists a Borel homomorphism H, — D" is Z%
in the code for D: one existential quantifier over a nice code ¢y for a Borel function
f: V(H,) = V(D), and the requirement that f preserves arcs is I} in the codes.

The countable union | J,,{D : H, —p D} is therefore £1. And Proposition 1.2 asserts that
the {D : ¥g(D) > 3} is I1}-complete. A set that is simultaneously £} and IT}-hard would
give IT} C X}, contradicting the fact that the projective hierarchy is strictly ordered. [

Remark 4.5. The argument proves more than the non-existence of a countable basis. If B is
any basis for the class of Borel directed graphs with ¥p(D) > 3, then the right-hand side of

Xs(D) >3 <= dH € B, 3 Borel homomorphism H — D

must define a IT}-complete set, since the left-hand side is IT}-complete by Proposition 1.2.
IfB e Z% (viewed as a subset of the code space), then “H € B” is a Z‘.% condition on the
code of H, and “there exists a Borel homomorphism H — D” is £} in the codes of H
and D (as in the proof of Corollary 1.3). The conjunction of two £} conditions is £}, and
existential quantification preserves L3, so the right-hand side would be X} in the code of D.
But this contradicts IT}-completeness of the left-hand side, since £} # IT}. Hence B ¢ L3:
any basis must be at least H%—hard as a subset of the code space, and is therefore at least
as complex to describe as the set of all directed graphs without a Borel acyclic 2-coloring.
The separation £} # I1} used here follows from IT}-determinacy, which is provable from
standard large cardinal hypotheses.

5 Questions

This section collects several natural questions suggested by our results, the work of
Raghavan and Xiao [RX24], and suggestions of Thornton.

Q1. Minimality of the Raghavan—Xiao basis. Raghavan and Xiao [RX24] produce a
continuum-size family of directed graphs that serves as a basis for Borel directed
graphs with uncountable Borel dichromatic number. This family consists of pairwise
Borel-incomparable directed graphs. Does every basis for this class have size ¢? Raghavan
has noted (personal communication) that the directed graphs in his family are pairwise
non-homomorphic, but it is unknown whether a smaller basis exists.
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Q2.

Q3.

Q4.

Q5.

Qe.

Structural restrictions. The result presented here applies to the full class of Borel
directed graphs. Does a countable basis exist when one restricts to structurally simpler
classes, say locally finite acyclic Borel directed graphs, or directed graphs generated by a single
Borel function? In the undirected case, Miller [Mil08] proved that there is no countable
<p-basis for graphs of the form G¢ (where f is a Borel function) with x3(Gs) > 3.
The analogous question for directed graphs generated by a single Borel function and
dichromatic number remains open.

Borel dichromatic number and Borel order dimension. Raghavan and Xiao [RX24]
established a close connection between Borel dichromatic number and a notion of
Borel order dimension for Borel quasi-orders. Does the complexity result of Proposition 1.2
yield new complexity results for Borel order dimension?

Dichotomies for complete multipartite graphs. It is known that checking whether a
Borel graph in which every connected component is complete k-partite admits a Borel
k-coloring is T1}, but no satisfying dichotomy theorem is known for this problem.
Thornton has suggested (personal communication) that a finite basis may exist for
each k, though its size appears to grow faster than n!. Is there an explicit finite basis for
each k? What is its growth rate?

Bounded width CSPs. Among the constraint satisfaction problems studied in the
Borel setting, the bounded width problems occupy a distinguished position. Thorn-
ton [Tho22a] showed that the structures whose every solvable Borel instance has
a Borel solution are exactly the width 1 structures, and proved partial complexity
results for certain bounded width structures. Recent work of Grebik and Vidnyan-
szky [GV25] shows that the split between easy and hard problems lies at a different
place in the Borel setting than in the classical CSP dichotomy: in particular, there
is no dichotomy for any Borel CSP that is not of bounded width. However, sharp
complexity bounds within bounded width remain known only in very special cases.
Can the exact complexity dividing line within bounded width CSPs be determined? This
problem appears to be very difficult; even identifying good illustrative examples of
bounded width CSPs beyond the well-studied special cases remains open.

Measurable arboricity. In the undirected setting, the arboricity of a graph (the mini-
mum number of acyclic sets needed to cover the vertex set) is the undirected analogue
of the dichromatic number. Several basic questions about arboricity in measurable
combinatorics remain open. For instance: Can the u-measurable arboricity of a probability-
measure-preserving graph differ from its (classical) arboricity by more than 17 And: What is
the u-measurable arboricity of the k-th power of the Bernoulli shift graph of F»?
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